Corollaries on the fixpoint completion: studying the stable semantics by means of the Clark completion

Pascal Hitzler^{⋆⋆}

Department of Computer Science, Dresden University of Technology www.wv.inf.tu-dresden.de/∼pascal/ phitzler@inf.tu-dresden.de

Abstract. The fixpoint completion fix(P ) of a normal logic program P is a program transformation such that the stable models of P are exactly the models of the Clark completion of fix(P ). This is well-known and was studied by Dung and Kanchanasut [15]. The correspondence, however, goes much further: The Gelfond-Lifschitz operator of P coincides with the immediate consequence operator of fix(P ), as shown by Wendt [51], and even carries over to standard operators used for characterizing the well-founded and the Kripke-Kleene semantics. We will apply this knowledge to the study of the stable semantics, and this will allow us to almost effortlessly derive new results concerning fixed-point and metric-based semantics, and neural-symbolic integration.

1 Introduction

The fixpoint completion of normal logic programs was introduced in [15], and independently under the notion of residual program in [9]. In essence, the fixpoint completion fix(P ) of a given program P is obtained by performing a complete unfolding through all positive body literals in the program, and by disregarding all clauses with remaining positive body literals. Its importance lies in the fact that the stable models [20] of P are exactly the supported models of fix(P ), i.e. the models of the Clark completion [11] of fix(P ). Also, the well-founded model [50] of P is exactly the Fitting or Kripke-Kleene model [16] of fix(P ). These correspondences are well-known and have been employed by many authors for investigating the stable and the well-founded semantics, see e.g. [7].

The relation between a program and its fixpoint completion, however, is not exhausted by the correspondences between the different semantics just mentioned: It also concerns the semantic operators underlying these semantics, as shown in [51]. The virtue of this observation lies in the fact that it allows to carry over operator-based results on the supported, respectively, Fitting semantics, to

⋆⋆ This work was supported by a fellowship within the Postdoc-Programme of the German Academic Exchange Service (DAAD) and carried out while the author was visiting the Department of Electrical Engineering and Computer Science at Case Western Reserve University, Cleveland, Ohio.

the stable, respectively, well-founded semantics. To the best of our knowledge, this has not been noted before.

In this paper, we display the strength of the operator-based correspondence by drawing a number of corollaries on the stable semantics from it. While these results are of interest in their own right, they do not constitute the main point we want to make here. Some of them are not even new, although we give new proofs. The goal of this paper is to provide a new technical tool for studying the stable and the well-founded semantics, namely the correspondences via the fixpoint completion between the semantic operators mentioned. To display this, we draw several corollaries from results in the literature, which are all valid for logic programs over a first-order language.

The structure of the paper is as follows. In Section 2 we recall the fixpoint completion and the results due to [51] which provide the starting points for our report. In Section 3 we study continuity of the Gelfond-Lifschitz operator in the Cantor topology, thereby providing technical results which will be of use later. In Section 4 we study methods for obtaining stable models by means of limits of iterates of the Gelfond-Lifschitz operator, and in Section 5 we will discuss results on the representation of logic programs by artificial neural networks. We briefly conclude in Section 6.

Acknowledgement. Thanks go to Matthias Wendt for helpful discussions and comments.

2 The Fixpoint Completion

A (normal) logic program is a finite set of universally quantified clauses of the form ∀(A ← L_1 ∧ · · · ∧ L_n), where n ∈ N may differ for each clause, A is an atom in a first order language L and L_1, . . . , L_n are literals, that is, atoms or negated atoms, in L. As is customary in logic programming, we will write such a clause in the form A ← L_1, . . . , L_n, in which the universal quantifier is understood, or even as A:-L_1, . . . , L_n following Prolog notation. Then A is called the head of the clause, each L_i is called a body literal of the clause and their conjunction L_1, . . . , L_n is called the body of the clause. We allow n = 0, by an abuse of notation, which indicates that the body is empty; in this case the clause is called a unit clause or a fact. If no negation symbol occurs in a logic program, the program is called a definite logic program. The Herbrand base underlying a given program P , i.e. the set of all ground instances of atoms over L, will be denoted by B_P , and the set of all

Herbrand interpretations by I_P , and we note that the latter can be identified simultaneously with the power set of B_P and with the set 2^{BP} of all functions mapping B_P into the set 2 consisting of two distinct elements. Since the set I_P is the power set of B_P , it carries set-inclusion as natural ordering, which makes it a complete lattice. By ground(P ) we denote the (possibly infinite) set of all ground instances of clauses in P .

The single-step or immediate consequence operator [37] of P is defined as a function T_P : I_P → I_P , where T_I (I) is the set of all A ∈ B_P for which there exists a clause A ← L_1, . . . , L_n with I |= L_i for all i = 1, . . . , n. A supported model of P is a fixed point of T_P . Supported models correspond to models of the Clark completion of P , as noted in [1]. The pre-fixed points of T_P , i.e. interpretations I ∈ I_P with I ⊆ T_P (I), are exactly the Herbrand models of P , in the sense of first-order logic. If P is definite, then T_P is in fact a Scott- (or order-) continuous operator on I_P [37], and its least fixed point fix(T_P ) coincides with the least Herbrand model of P . The least fixed point, in this case, can be obtained as fix(T_P ) = T_P ↑ ω := sup_n(T_P ↑ n) = ⋃ n T_P ↑ n, where T_P ↑ 0 = ∅ and recursively T_P ↑(n + 1) = T_P (T_P ↑n).

The Gelfond-Lifschitz transformation [20] of a program P with respect to an interpretation I is denoted by P/I, and consists of exactly those clauses A ← A_1, . . . , A_n, where A_1, . . . , A_n ∈ B_P , for which there exists a clause A ← A_1, . . . , A_n, ¬B_1, . . . , ¬B_m in ground(P ) with B_1, . . . , B_m ∈ I. Thus P/I is a definite program, and fix(T_{P/I} ) is well-defined. The Gelfond-Lifschitz operator [20] of P is now defined by GL_P : I_P → I_P : I → fix(T_{P/I} ). We call I ∈ I_P a stable model of P if it is a fixed point of GL_P .

Definition 1. A quasi-interpretation^1 is a set of clauses of the form A ← ¬B_1, . . . , ¬B_m, where A and B_i are ground atoms for all i = 1, . . . , m. Given a normal logic program P and a quasi-interpretation Q, we define T^′_P (Q) to be the quasi-interpretation consisting of the set of all clauses A ← body_1, . . . , body_n, ¬B_1, . . . , ¬B_m for which there exists a clause A ← A_1, . . . , A_n, ¬B_1, . . . , ¬B_m in ground(P ) and clauses A_i ← body_i in Q for all i = 1, . . . , n. We explicitly allow the cases n = 0 or m = 0 in this definition.

Note that the set of all quasi-interpretations is a complete partial order (cpo) with respect to set-inclusion. It was shown in [15], that for normal programs P , the operator T^′_P is Scott-continuous on the set of all quasi-interpretations. So we can define the fixpoint completion fix(P ) of P by fix(P ) = T^′_P ↑ ω, i.e. fix(P ) is the least fixed point of the operator T^′_P .

The following was reported in [51].

1 This notion is due to [15]. We stick to the old terminology, although quasiinterpretations should really be thought of as, and indeed are, programs with negative body literals only.

Theorem 1. For any normal program P and (two-valued) interpretation I, we have GL_P (I) = T_{fix(P )}(I).

Proof. We show first that for every A ∈ GL_P (I) there exists a clause in fix(P ) with head A whose body is true in I, which implies A ∈ T_{fix(P )}(I). We show this by induction on the powers of T_{P/I} ; recall that GL_P (I) = T_{P/I} ↑ω.

For the base case T_{P/I} ↑0 = ∅ there is nothing to show.

So assume now that for all A ∈ T_{P/I} ↑ n there exists a clause in fix(P ) with head A, whose body is true in I. For A ∈ T_{P/I} ↑(n+1) there exists a clause A ← A_1, . . . , A_n in P/I such that A_1, . . . , A_n ∈ T_{P/I} ↑n, hence by construction of P/I there is a clause A ← A_1, . . . , A_n, ¬B_1, . . . , ¬B_m in ground(P ) with B_1, . . . , B_m ∉ I. By induction hypothesis we obain that for each i = 1, . . . , n there exists a clause A_i ← body_i in fix(P ) with I |= body_i, hence A_i ∈ T_{fix(P )}(I). So by definition of T^′_P the clause A ← body_1, . . . body_n, ¬B_1, . . . , ¬B_m is contained in fix(P ). From I |= body_i and B_1, . . . , B_m ∉ I we obtain A ∈ T_{fix(P )}(I) as desired.

This closes the induction argument and we obtain GL_P (I) ⊆ T_{fix(P )}(I). Now conversly, assume that A ∈ T_{fix(P )}(I). We show that A ∈ GL_P (I) by proving inductively on k that T_T ′_{P↑k}(I) ⊆ GL_P (I) for all k ∈ N.

For the base case, we have T_T ′_{P↑0}(I) = ∅ so there is nothing to show. So assume now that T_T ′_{P↑k}(I) ⊆ GL_P (I), and let A ∈ T_T ′_{P↑(k+1)}(I) \ T_T ′_{P↑k}(I).

Then there exists a clause A ← body_1, . . . , body_n, ¬B_1, . . . , ¬B_m in T^′_P ↑ (k + 1) whose body is true in I. Thus B_1, . . . , B_m ∉ I and for each i = 1, . . . , n there exists a clause A_i ← body_i in T^′_P ↑ k with body_i true in I. So A_i ∈ T_T ′_{P↑k}(I) ⊆ GL_P (I). Furthermore, by definition of T^′_P there exists a clause A ← A_1, . . . , A_n, ¬B_1, . . . , ¬B_m in ground(P ), and since B_1, . . . , B_m ∉ I we obtain A ← A_1, . . . , A_n ∈ P/I. Since we know that A_1, . . . , A_n ∈ GL_P (I) we obtain A ∈ GL_P (I), and hence T_T ′_{P↑(k+1)}(I) ⊆ GL_P (I). This closes the induction argument and we obtain T_{fix(P )}(I) ⊆ GL_P (I). ⊓⊔

The proof of Theorem 1 is taken directly from [52], which appeared in compressed form as [51]. We have included it here for completeness of the exhibition and because the result is central for the rest of this paper. This correspondence can also be carried over to the Fitting/well-founded semantics. More precisely, the following was shown in [51], from which Theorem 1 is an easy Corollary.

Theorem 2. For any normal program P and any three-valued interpretation I we have Ψ_P (I) = Φ_{fix(P )}(I), where Ψ_P is the operator due to [6] used for characterizing three-valued stable models of P , and Φ_{fix(P )} is the operator from [16] used for characterizing the Fitting or Kripke-Kleene semantics of fix(P ).

We do not include details on this result here since we will need it only in passing in the sequel. The interested reader should consult [51]. A corollary from the result just mentioned is that the well-founded model of some given program P coincides with the Fitting model of fix(P ).

3 Continuity

Theorem 1 enables us to carry over results on the single-step operator, respectively on the supported-model semantics, to the Gelfond-Lifschitz operator respectively the stable-model semantics. The following observation is of technical importance.

Proposition 1. Let P be a definite program, A ∈ B_P , and n ∈ N. Then A ∈ T_P ↑n if and only if A ← is a clause in T^′_P ↑n.

Proof. Let A ∈ T_P ↑ n for some n ∈ N. We proceed by induction on n. If n = 1, then there is nothing to show. So assume that n > 1. Then there is a clause A ← body in ground(P ) such that all atoms B_i in body are contained in T_P ↑(n − 1), and by induction hypothesis there are claues B_i ← in T^′_P ↑(n − 1). Unfolding these clauses with A ← body shows that A ← is also contained in T^′_P ↑n. Conversely, assume there is a clause A ← in T^′_P ↑ n. We proceed again by induction. If n = 1, there is nothing to show. So let n > 1. Then there exists a clause A ← A_1, . . . , A_k in ground(P ) and clauses A_i ← in T^′_P ↑ (n − 1). By induction hypothesis, we obtain A_i ∈ T_P ↑(n − 1) for all i, and hence A ∈ T_P ↑n. ⊓⊔ Since the single-step operator is not monotonic in general, several authors have made use of metric-based [17, 18, 22, 25–27, 29, 46] or even topological [3, 4, 22, 24, 43, 45, 47] methods for obtaining fixed-points and hence supported models of the programs in question. Central to these investigations is the Cantor topology Q on I_P , which was studied as the query topology in [4] and in more general terms as the atomic topology in [45]. It is the product topology on {t, f}^{BP} , where the set of truth values {t, f} is endowed with the discrete topology, and we refer to [53] for basic notions of topology. A subbase of the Cantor topology can be given as

{{I ∈ I_P | I |= L} | L is a ground literal},

which was noted in [45]. We can now employ Theorem 1 to carry over some of these results to the treatment of the Gelfond-Lifschitz operator and the stable semantics.

Given a program P , we know by Theorem 1 that GL_P is continuous at some I ∈ I_P in Q if and only if T_{fix(P )} is continuous at I. This gives rise to the following theorem.

Theorem 3. Let P be a normal logic program and let I ∈ I_P . Then GL_P is continuous at I in Q if and only if whenever GL_P (I)(A) = f, then either there is no clause with head A in ground(P ) or there exists a finite set S(I, A) = {A_1, . . . , A_k} ⊆ B_P such that I(A_i) = t for all i and for every clause A ← body in ground(P ) at least one ¬A_i or some B with GL_P (I)(B) = f occurs in body.

Proof. The proof is based on the characterization of continuity of the T_P -operator given in [45], in the formulation which can be found in [29, Theorem 45], which reads as follows.

The single-step operator T_P is continuous in Q if and only if, for each I ∈ I_P and for each A ∈ B_P with A ∉ T_P (I), either there is no clause in P with head A or there is a finite set S(I, A) = {A_1, . . . , A_k, B_1, . . . , B_k′ } of elements of B_P with the following properties: (i) A_1, . . . , A_k ∈ I and B_1, . . . , B_k′ ∉ I. (ii) Given any clause C with head A, at least one ¬A_i or at least one B_j occurs in the body of C.

Using this and Theorem 1, and by observing that there are no positive body atoms occuring in fix(P ), we obtain the following:

GL_P is continuous at I if and only if whenever GL_P (I)(A) = f, then either there exists no clause with head A in fix(P ) or there exists a finite set S(I, A) = {A_1, . . . , A_k} ⊆ B_P such that I(A_i) = t for all i and for every clause A ← body in fix(P ) at least one ¬A_i occurs in

body.

So let P be such that GL_P is continuous at I. If there is no clause with head A in ground(P ), then there is nothing to show. So assume that there is a clause with head A in ground(P ). We already know that then there exists a finite set S(I, A) = {A_1, . . . , A_k} ⊆ B_P such that I(A_i) = t for all i and for every clause A ← body in fix(P ) at least one ¬A_i occurs in body. Now let A ← B_1, . . . , B_k, ¬C_1, . . . , ¬C_m be a clause in ground(P ) and assume that no ¬A_i occurs in its body. We show that there is some B_i with GL_P (I)(B_i) = f. Assume the contrary, i.e. that GL_P (I)(B_i) = t for all i. Then for each B_i we have B_i ∈ GL_P (I) = T_{P/I} ↑ ω. As in the proof of Proposition 1 we derive that there is a clause A ← ¬D_1, . . . , ¬D_n, ¬C_1, . . . , ¬C_m in fix(P ) with D_j ∉ I for all j = 1, . . . , n. Since the clause A ← ¬D_1, . . . , ¬D_n, ¬C_1, . . . , ¬C_m is contained in fix(P ), we know that some atom from the set S(I, A) must occur in its body. It cannot occur as any D_i because I(D_j ) = f for all i. It also cannot occur as any C_i by assumption. So we obtain a contradiction, which finishes the argument.

Conversely, let P be such that the condition on GL_P in the statement of the theorem holds. We will again make use of the observation made at the beginning of this proof. So let A ∈ B_P with GL_P (I)(A) = f. If there is no clause with head A in fix(P ), then there is nothing to show. So assume there is a clause with head A in fix(P ). Then there is a clause with head A in P , and by assumption we know that there exists a finite set S(I, A) = {A_1, . . . , A_k} ⊆ B_P such that I(A_i) = t for all i and for every clause A ← body in ground(P ) at least one ¬A_i or some B with GL_P (I)(B) = f occurs in body. Now let A ← ¬B_1, . . . , ¬B_n be a clause in fix(P ) = T^′_P ↑ ω, i.e. there is k ∈ N with A ← ¬B_1, . . . , ¬B_n contained in T^′_P ↑k. Note that n = 0 is impossible since this would imply GL_P (I)(A) = t contradicting the assumption on A. We proceed by induction on k. If k = 1, then A ← ¬B_1, . . . , ¬B_n is contained in ground(P ), hence one of the B_j is contained in S(I, A) which suffices. For k > 1, there is a clause A ← C_1, . . . , C_m, ¬D_1, . . . , ¬D_m′ in ground(P ) and clauses C_i ← body_i in T^′_P ↑ (k − 1) which unfold to A ← ¬B_1, . . . , ¬B_n. By assumption we either have D_j ∈ S(I, A) for some j, in which case there remains nothing to show, or we have that GL_P (I)(C_i) = f for some i. In the latter case we obtain that body_i is non-empty by an argument similar to that of the proof of Proposition 1, so by assumption there is a (negated) atom in body_i, and hence in {B_1, . . . , B_n}, which is also in S(I, A), which finishes the proof. ⊓⊔

We can also observe the following special instance. A local variable is a variable occuring in some clause body but not in the corresponding head.

Corollary 1. Let P be a normal program without local variables. Then GL_P is continuous in Q.

Proof. We employ Theorem 3. Let I ∈ I_P and A ∈ B_P with GL_P (I)(A) = f. Since P has no local variables, it is of finite type. So the set B of all negated body atoms in clauses with head A is finite. Let S(I, A) = {B ∈ B | I(B) = f}, which is also finite. If each clause with head A contains some negated atom from S(I, A), then there is nothing to show. So assume there is a clause A ← A_1, . . . , A_n, ¬B_1, . . . , ¬B_m in ground(P ) with B_j ∉ S(I, A) for all j, i.e. I(B_j ) = t for all j. But then A ← A_1, . . . , A_n is a clause in P/I and A ∉ T_{P/I} ↑ω, which implies that there is some i with A_i ∉ T_{P/I} ↑ ω = GL_P (I), which finishes the argument by Theorem 3. ⊓⊔

Measurability is much simpler to deal with.

Theorem 4. Let P be a normal program. Then GL_P is measurable with respect to the σ-algebra σ(Q) generated by Q.

Proof. By [28, Theorem 2], which states that T_P is measurable with respect to σ(Q) for all P , we obtain that T_{fix(P )} is measurable with respect to σ(Q), and by Theorem 1 we know that T_{fix(P )} ≡ GL_P . ⊓⊔

4 Obtaining models

As already mentioned above, topological methods in logic programming can for example be used for obtaining models of programs iteratively, although the underlying operator is not monotonic. The following variant of [29, Theorem 44] can be proven directly.

Theorem 5. Let P be a normal program and let GL_P be continuous and such that the sequence of iterates GL^m_P (I) converges in Q to some M ∈ I_P . Then M is a stable model of P .

Proof. By continuity we obtain

M = lim GL^m_P (I) = GL_P (lim GL^m_P (I)) = GL_P (M). ⊓⊔ We can also employ knowledge about relationships between the single-step operator and the Fitting operator [16]. The latter is defined on three-valued interpretations, which consist of sets of ground literals (instead of ground atoms) which do not contain complementary literals. As such, they carry set-inclusion as an ordering, which renders the space I_{P,3} of all three-valued interpretations a complete partial order (cpo). It is in fact exactly the Plotkin domain T^ω due to [41]. Alternatively, we can understand three-valued interpretations as mappings from atoms to the set {f, u, t} of truth values, where u stands for undefined or undetermined. The Fitting operator Φ_P , for given program P , is now defined as a function Φ_P : I_{P,3} → I_{P,3} : I → t_P (I)∪f_P (I), where t_P (I) contains all A ∈ B_P for which there exists a clause A ← L_1, . . . , L_n in ground(P ) with L_1, . . . , L_n ∈ I, and f_P (I) contains all ¬A such that for all clauses A ← L_1, . . . , L_n in ground(P ) there is at least one L_i ∉ I. It was shown in [16] that Φ_P is a monotonic operator on I_{P,3}.

If I is a three-valued interpretation, then I^+ denotes the two-valued interpretation assigning truth value t to exactly those atoms which are true in I.

Proposition 2. Let P be a normal program and assume that the well-founded model M of P is total (i.e. every atom is true or false in it). Then GL^n_P (∅) converges in Q to M^+, and M^+ is the unique stable model of P .

Proof. This follows immeditately from Theorem 1 and [24, Theorem 4.4], which shows the following.

If M = Φ_R ↑ ω is total, then T^n_R(∅) converges in Q to M^+, and M^+ is the unique supported model of R. ⊓⊔ Metric-based approaches also carry over. A level mapping is a mapping from B_P to some ordinal α. A program P is locally stratified [44] if there exists a level mapping l : B_P → α, where α is some ordinal, such that for each clause A ← A_1, . . . , A_m, ¬B_1, . . . , ¬B_n in ground(P ) we have l(A) ≥ l(A_i) and l(A) > l(B_j ) for all i and j. It is called locally hierarchical [10], if additionally l(A) > l(A_i) for all i. Given a level mapping l : B_P → α, we denote by Γ_l the set of all symbols 2^{−β} for β ≤ α, ordered by 2^{−β} < 2^{−γ} iff γ < β. Γ_l can be understood as a subset of the reals if α = ω, i.e. if l maps into the natural numbers. For two (two-valued) interpretations I and J, we define d_l(I, J) = 2^{−β}, where β is the least ordinal such that there is an atom of level β on which I and J disagree. If α = ω, then d_l is an ultrametric on I_P , and this construction was put to use e.g. in [17]. In the general case, d_l is a generalized ultrametric on I_P , as used in logic programming e.g. in [25, 29, 43]. A mapping f is called strictly contracting with respect to a generalized ultrametric d if d(f(x), f(y)) < d(x, y) for all x, y with x ≠ y. Strictly contracting mappings have unique fixed points if the underlying generalized ultrametric space satisfies a completeness condition called spherical completeness [43].

Theorem 6. Let P be locally stratified with corresponding level mapping l. Then GL_P is strictly contracting with respect to d_l, which is spherically complete. If l maps to ω, then GL_P is a contraction with respect to d_l. Furthermore, in both cases, GL_P has a unique fixed point and P has a unique stable model.

Proof. If P is locally stratified with respect to l, then fix(P ) is locally hierarchical with respect to l. It thus suffices to apply Theorem 1 in conjunction with Theorem [47, Theorem 3.8], which shows the following.

Let R be a normal logic program which is locally hierarchical with respect to a level mapping l : B_R → γ. Then T_R is strictly contracting with respect to the generalized ultrametric d_l induced by l. Therefore, T_R has a unique fixed point and hence R has a unique supported model. ⊓⊔ With the remarks already made on the fact that the well-founded model of some given program P coincides with the Fitting model of fix(P ), for any normal program P , we can also derive the following result. Dislocated generalized ultrametric spaces are defined by relaxing one of the defining conditions on generalized ultrametrics, for details see [29]. Strictly contracting mappings can be defined analogously, and have similar properties.

Theorem 7. Let P be a program with total well-founded model I ∪ ¬(B_P \ I), with I ⊆ B_P . Then GL_P is strictly contracting on the spherically complete dislocated generalized ultrametric space (I_P , ϱ), where we have ϱ(J, K) = max{d_l(J, I), d_l(I, K)} for all J, K ∈ I_P , and l is defined by l(A) to be the minimal α such that Φ_{fix(P )} ↑(α + 1)(A) = I(A).

Proof. The program P has a total well-founded model, which implies that fix(P ) has a total Fitting model. So l as given by the statement is well-defined, and fix(P ) is Φ-accessible in the sense of [29]. Now apply [29, Proposition 41], which shows that T_P is strictly contracting for every Φ-accessible program. ⊓⊔

5 Neural-symbolic integration

Intelligent systems based on logic programming on the one hand, and on artificial neural networks (sometimes called connectionist sytems) on the other, differ substantially. Logic programs are highly recursive and well understood from the perspective of knowledge representation: The underlying language is that of firstorder logic, which is symbolic in nature and makes it easy to encode problem specifications directly as programs. The success of artificial neural networks lies in the fact that they can be trained using raw data, and in some problem domains the generalization from the raw data made during the learning process turns out to be highly adequate for the problem at hand, even if the training data contains some noise. Successful architectures, however, often do not use recursive (or recurrent) structures. Furthermore, the knowledge encoded by a trained neural network is only very implicitly represented, and no satisfactory methods for extracting this knowledge in symbolic form are currently known.

It would be very desirable to combine the robust neural networking machinery with symbolic knowledge representation and reasoning paradigms like logic programming in such a way that the strenghts of either paradigm will be retained. Current state-of-the-art research, however, fails by far to achieve this ultimate goal. As one of the main obstacles to be overcome we perceive the question how symbolic knowledge can be encoded by artificial neural networks: Satisfactory answers to this will naturally lead the way to knowledge extraction algorithms and to hybrid neural-symbolic systems.

Earlier attempts to integrate logic and connectionist systems have mainly been restricted to propositional logic, or to first-order logic without function symbols. They go back to the pioneering work by McCulloch and Pitts [39], and have led to a number of systems developed in the 80s and 90s, including Towell and Shavlik’s KBANN [49], Shastri’s SHRUTI [48], the work by Pinkas [40], Hölldobler [30], and d’Avila Garcez et al. [12, 14], to mention a few, and we refer to [8, 13, 21] for comprehensive literature overviews.

Without the restriction to the finite case (including propositional logic and first-order logic without function symbols), the task becomes much harder due to the fact that the underlying language is infinite but shall be encoded using networks with a finite number of nodes. The sole approach known to us for overcoming this problem (apart from work on recursive autoassociative memory, RAAM, initiated by Pollack [42], which concerns the learning of recursive terms over a first-order language) is based on a proposal by Hölldobler et al. [32], spelled out first for the propositional case in [31], and reported also in [23]. It is based on the idea that logic programs can be represented — at least up to subsumption equivalence [38] — by their associated single-step operators. Such an operator can then be mapped to a function on the real numbers, which can under certain conditions in turn be encoded or approximated e.g. by feedforward networks with sigmoidal activation functions using an approximation theorem due to Funahashi [19].

We will carry over this result to the Gelfond-Lifschitz operator and the stable model semantics. Since the topology Q introduced earlier is homeomorphic to the Cantor topology on the real line [45], there exists a homeomorphism ι : I_P → C, where C is the Cantor set within the unit interval, endowed with the subspace topology inherited from the reals. We can thus embed any function f : I_P → I_P which is continuous in Q as a continuous function ι(f) : C → C : ι(f)(x) = ι(f(ι^{−1}(x))). By well-known results, e.g. [19] as mentioned earlier, such functions can be approximated uniformly by artificial neural networks in many different network architectures.

Theorem 8. Let P be a normal logic program. Then GL_P can be approximated almost everywhere up to an arbitrarily chosen error bound by input-output functions of three-layer feedforward neural networks with sigmoidal activation functions. If GL_P is furthermore continuous in Q, then uniform approximation is possible on all of C.

Proof. We use Theorem 1. The first statement then follows from Theorem 4 together with a result from [33] saying that each measurable function can be approximated almost everywhere by three-layer feedforward networks in the indicated way — see also [28, Theorem 7]. The second statement follows from [19] or from [28, Theorem 5]. ⊓⊔

The references mentioned in the proof of Theorem 8 provide further results, in particular on error bounds, and they can also be carried over straightforwardly.

Another improvement on the basic results by Hölldobler et al [32] employed an alternative network architecture. In [2], results were provided for encoding and approximating ι(T_P ) by iterated function systems, which in turn could be encoded using a recurrent neural networks structure. The advantage of this approach is that algorithms for constructing approximating networks can be given explicitly, in contrast to the results in [23, 28, 32]. These results also hinge on continuity or Lipschitz-continuity of ι(T_P ) with respect to the Cantor topology only, and can be carried over to the Gelfond-Lifschitz operator in a straightforward way. The paper [5] provides related results using cellular automata, treating logic programs without local variables — a property which also carries over to the fixpoint completion. Hence these results carry over mutatis mutandis to the Gelfond-Lifschitz operator.

6 Conclusions

We have displayed the usefulness of the results reported in [51] to the operatorbased analysis of knowledge representation under the stable semantics. We have shown that many results from the study of the supported-model semantics by means of the single-step operator can be carried over to the stable semantics almost without effort.

Our results are of a theoretical nature, and we do not propose to study them for implementation purposes. The idea to use the fixpoint completion for obtaining stable models (or similar constructions for obtaining answer sets or well-founded models etc.) of programs is already folklore knowledge in the community, and need not be further mentioned. The emphasis of our exhibition is on the observation that not only models, but also corresponding semantic operators are related by means of the fixpoint completion, and on the aspects which this new insight allows to study.

Our observations are valid for first-order languages including function symbols, a syntax whose study is often neglected in the non-monotonic reasoning community. It is not at all surprising, that for finite languages alternative methods of program transformation can be found, which allow for efficient computation of stable models [34–36].

References

1. Krzysztof R. Apt, Howard A. Blair, and Adrian Walker. Towards a theory of declarative knowledge. In Jack Minker, editor, Foundations of Deductive Databases and Logic Programming, pages 89–148. Morgan Kaufmann, Los Altos, CA, 1988.

2. Sebastian Bader and Pascal Hitzler. Logic programs, iterated function systems, and recurrent radial basis function networks. Journal of Applied Logic, 200x. To appear.

3. Aida Batarekh and V.S. Subrahmanian. The query topology in logic programming.

In Proceedings of the 1989 Symposium on Theoretical Aspects of Computer Science, volume 349 of Lecture Notes in Computer Science, pages 375–387. Springer, Berlin, 1989.

4. Aida Batarekh and V.S. Subrahmanian. Topological model set deformations in logic programming. Fundamenta Informaticae, 12:357–400, 1989.

5. Howard A. Blair, Jagan Chidella, Fred Dushin, Audrey Ferry, and Polar Humenn.

A continuum of discrete systems. Annals of Mathematics and Artificial Intelligence, pages 153–186, 1997.

6. Stefan Bonnier, Ulf Nilsson, and Torbjörn Näslund. A simple fixed point characterization of three-valued stable model semantics. Information Processing Letters, 40(2):73–78, 1991.

7. Stefan Brass, Jürgen Dix, Burkhardt Freitag, and Ulrich Zukowski.

Transformation-based bottom-up computation of the well-founded model. Theory and Practice of Logic Programming, 1(5):497–538, 2001.

8. Anthony Browne and Ron Sun. Connectionist inference models. Neural Networks, 14(10):1331–1355, 2001.

9. François Bry. Negation in logic programming: A formalization in constructive logic.

In Dimitris Karagiannis, editor, Information Systems and Artificial Intelligence: Integration Aspects, First Workshop, Ulm, FRG, March 19-21, 1990, Proceedings, volume 474 of Lecture Notes in Computer Science, pages 30–46. Springer, 1991.

10. Lawrence Cavedon. Acyclic programs and the completeness of SLDNF-resolution.

Theoretical Computer Science, 86:81–92, 1991.

11. Keith L. Clark. Negation as failure. In Hervé Gallaire and Jack Minker, editors, Logic and Data Bases, pages 293–322. Plenum Press, New York, 1978.

12. Artur S. d’Avila Garcez, Krysia Broda, and Dov M. Gabbay. Symbolic knowledge extraction from trained neural networks: A sound approach. Artificial Intelligence, 125:155–207, 2001.

13. Artur S. d’Avila Garcez, Krysia B. Broda, and Dov M. Gabbay. Neural-Symbolic Learning Systems — Foundations and Applications. Perspectives in Neural Computing. Springer, Berlin, 2002.

14. Artur S. d’Avila Garcez and Gerson Zaverucha. The connectionist inductive lerarning and logic programming system. Applied Intelligence, Special Issue on Neural networks and Structured Knowledge, 11(1):59–77, 1999.

15. Phan Minh Dung and Kanchana Kanchanasut. A fixpoint approach to declarative semantics of logic programs. In Ewing L. Lusk and Ross A. Overbeek, editors, Logic Programming, Proceedings of the North American Conference 1989, NACLP’89, Cleveland, Ohio, pages 604–625. MIT Press, 1989.

16. Melvin Fitting. A Kripke-Kleene-semantics for general logic programs. The Journal of Logic Programming, 2:295–312, 1985.

17. Melvin Fitting. Metric methods: Three examples and a theorem. The Journal of Logic Programming, 21(3):113–127, 1994.

18. Melvin Fitting. Fixpoint semantics for logic programming — A survey. Theoretical Computer Science, 278(1–2):25–51, 2002.

19. Ken-Ichi Funahashi. On the approximate realization of continuous mappings by neural networks. Neural Networks, 2:183–192, 1989.

20. Michael Gelfond and Vladimir Lifschitz. The stable model semantics for logic programming. In Robert A. Kowalski and Kenneth A. Bowen, editors, Logic Programming. Proceedings of the 5th International Conference and Symposium on Logic Programming, pages 1070–1080. MIT Press, 1988.

21. Hans W. Güsgen and Steffen Hölldobler. Connectionist inference systems. In Bertram Fronhöfer and Graham Wrightson, editors, Parallelization in Inference Systems, volume 590 of Lecture Notes in Artificial Intelligence, pages 82–120. Springer, Berlin, 1992.

22. Pascal Hitzler. Generalized Metrics and Topology in Logic Programming Semantics.

PhD thesis, Department of Mathematics, National University of Ireland, University College Cork, 2001.

23. Pascal Hitzler, Steffen Hölldobler, and Anthony K. Seda. Logic programs and connectionist networks. Journal of Applied Logic, 200x. To appear.

24. Pascal Hitzler and Anthony K. Seda. Acceptable programs revisited. In Proceedings of the Workshop on Verification in Logic Programming, 16th Int. Conf. on Logic Programming, ICLP’99, Las Cruces, New Mexico, volume 30 of Electronic Notes in Theoretical Computer Science, pages 1–18. Elsevier, 1999.

25. Pascal Hitzler and Anthony K. Seda. The fixed-point theorems of Priess-Crampe and Ribenboim in logic programming. In Valuation Theory and its Applications, Proceedings of the 1999 Valuation Theory Conference, University of Saskatchewan in Saskatoon, Canada, volume 32 of Fields Institute Communications Series, pages 219–235. American Mathematical Society, 1999.

26. Pascal Hitzler and Anthony K. Seda. Some issues concerning fixed points in computational logic: Quasi-metrics, multivalued mappings and the Knaster-Tarski theorem. In Proceedings of the 14th Summer Conference on Topology and its Applications: Special Session on Topology in Computer Science, New York, volume 24 of Topology Proceedings, pages 223–250, 1999.

27. Pascal Hitzler and Anthony K. Seda. A new fixed-point theorem for logic programming semantics. In Proceedings of the joint IIIS & IEEE meeting of the 4th World Multiconference on Systemics, Cybernetics and Informatics, SCI2000, and the 6th International Conference on Information Systems Analysis and Synthesis, ISAS2000, Orlando, Florida, USA, volume VII, Computer Science and Engineering Part 1, pages 418–423. International Institute of Informatics and Systemics: IIIS, 2000.

28. Pascal Hitzler and Anthony K. Seda. Continuity of semantic operators in logic programming and their approximation by artificial neural networks. In Andreas Günter, Rudolf Krause, and Bernd Neumann, editors, Proceedings of the 26th German Conference on Artificial Intelligence, KI2003, volume 2821 of Lecture Notes in Artificial Intelligence, pages 105–119. Springer, 2003.

29. Pascal Hitzler and Anthony K. Seda. Generalized metrics and uniquely determined logic programs. Theoretical Computer Science, 305(1–3):187–219, 2003.

30. Steffen Hölldobler. Automated Inferencing and Connectionist Models. Fakultät Informatik, Technische Hochschule Darmstadt, 1993. Habilitationsschrift.

31. Steffen Hölldobler and Yvonne Kalinke. Towards a massively parallel computational model for logic programming. In Proceedings ECAI94 Workshop on Combining Symbolic and Connectionist Processing, pages 68–77. ECCAI, 1994.

32. Steffen Hölldobler, Yvonne Kalinke, and Hans-Peter Störr. Approximating the semantics of logic programs by recurrent neural networks. Applied Intelligence, 11:45–58, 1999.

33. Kurt Hornik, Maxwell Stinchcombe, and Halbert White. Multilayer feedforward networks are universal approximators. Neural Networks, 2:359–366, 1989.

34. Joohyung Lee and Vladimir Lifschitz. Loop formulas for disjunctive logic programs. In Catuscia Palamidessi, editor, Logic Programming, 19th International Conference, ICLP 2003, Mumbai, India, December 2003, Proceedings, volume 2916 of Lecture Notes in Computer Science, pages 451–465. Springer, 2003.

35. Fangzhen Lin and Jicheng Zhao. On tight logic programs and yet another translation from normal logic programs to propositional logic. In Georg Gottlob and Toby Walsh, editors, Proceedings of the 18th International Joint Conference on Artificial Intelligence, Acapulco, Mexico, August 2003, pages 853–858. Morgan Kaufmann Publishers, 2003.

36. Fangzhen Lin and Yiting Zhao. ASSAT: Computing answer sets of a logic program by SAT solvers. In Proceedings of the Eighteenth National Conference on Artificial Intelligence and Fourteenth Conference on Innovative Applications of Artificial Intelligence, July/August, 2002, Edmonton, Alberta, Canada, pages 112–118. AAAI Press, 2002.

37. John W. Lloyd. Foundations of Logic Programming. Springer, Berlin, 1988. 38. Michael J. Maher. Equivalences of logic programs. In Jack Minker, editor, Foundations of Deductive Databases and Logic Programming, pages 627–658. Morgan Kaufmann, Los Altos, CA, 1988.

39. Warren S. McCulloch and Walter Pitts. A logical calculus of the ideas immanent in nervous activity. Bulletin of Mathematical Biophysics, 5:115–133, 1943.

40. Gadi Pinkas. Propositional non-monotonic reasoning and inconsistency in symmetric neural networks. In John Mylopoulos and Raymond Reiter, editors, Proceedings of the 12th International Joint Conference on Artificial Intelligence, pages 525–530. Morgan Kaufmann, 1991.

41. Gordon Plotkin. T^ω as a universal domain. Journal of Computer and System Sciences, 17:209–236, 1978.

42. Jordan B. Pollack. Recursive distributed representations. Artificial Intelligence, 46(1):77–105, 1990.

43. Sibylla Prieß-Crampe and Paolo Ribenboim. Ultrametric spaces and logic programming. The Journal of Logic Programming, 42:59–70, 2000.

44. Teodor C. Przymusinski. On the declarative semantics of deductive databases and logic programs. In Jack Minker, editor, Foundations of Deductive Databases and Logic Programming, pages 193–216. Morgan Kaufmann, Los Altos, CA, 1988.

45. Anthony K. Seda. Topology and the semantics of logic programs. Fundamenta Informaticae, 24(4):359–386, 1995.

46. Anthony K. Seda. Quasi-metrics and the semantics of logic programs. Fundamenta Informaticae, 29(1):97–117, 1997.

47. Anthony K. Seda and Pascal Hitzler. Topology and iterates in computational logic.

In Proceedings of the 12th Summer Conference on Topology and its Applications: Special Session on Topology in Computer Science, Ontario, August 1997, volume 22 of Topology Proceedings, pages 427–469, 1997.

48. Lokenda Shastri. Advances in Shruti — A neurally motivated model of relational knowledge representation and rapid inference using temporal synchrony. Applied Intelligence, 11:78–108, 1999.

49. Geoffrey G. Towell and Jude W. Shavlik. Knowledge-based artificial neural networks. Artificial Intelligence, 70(1–2):119–165, 1994.

50. Allen van Gelder, Kenneth A. Ross, and John S. Schlipf. The well-founded semantics for general logic programs. Journal of the ACM, 38(3):620–650, 1991.

51. Matthias Wendt. Unfolding the well-founded semantics. Journal of Electrical Engineering, Slovak Academy of Sciences, 53(12/s):56–59, 2002. (Proceedings of the 4th Slovakian Student Conference in Applied Mathematics, Bratislava, April 2002)^2 .

52. Matthias Wendt. Unfolding the well-founded semantics. Technical Report WV– 02–08, Knowledge Representation and Reasoning Group, Department of Computer Science, Dresden University of Technology, 2002. http://www.wv.inf.tudresden.de/Publications/2002/.

53. Stephen Willard. General Topology. Addison-Wesley, Reading, MA, 1970.

2 Available online as [52].